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SUMMARY 
The asymptotic eigenvalue behaviour of integral operators with positive definite H61der 
continuous kernels on metric compacta is investigated. It is shown that under certain restrictions 
to the compacta the obtained results are optimal. 
0. INTRODUCTION 
Suppose that (X, d) is a metric compactum, p a finite Borel measure on X 
and K~Lz(X×X,p®p)  a Hermitian kernel, i.e. K(x, y)=K(y,x) for p-almost 
all x, y~X.  Then the integral operator TK, u, defined by 
TK, uf(x) = I K(x,y)f(y)dp(.,v) for f~L2(X,p), x~X,  
X 
is a self-adjoint Hilbert-Schmidt operator in L2(Y, fl), and hence compact. 
Therefore, the spectrum of Tx, u consists only of at most countably many eigen- 
values of finite multiplicity which have no accumulation point except possibly 
zero. Hence one can arrange them in non-increasing order of modulus, 
counting them according to their algebraic multiplicities, 
I,~l(Z~:,~)l-> 1'~2(TK,~)I >-- "'" _>0. 
In the simplest case, where X= [0, 1] and p is the Lebesgue measure, J.A. 
Cochran [1] proved that for continuous kernels K satisfying moreover a 
uniform s-H61der condition in the first variable, 0<s< 1, one has 
,~ . (TK ,~)  = ¢(n  - 1 /2 -s ) .  
51 
If K is in addition positive definite, then 
2n( TK, u) = O(n -l-s) 
as shown by J.B. Reade [5]. (Although he stated this result explicitly for  s = 1 
only, his proof applies to 0<s< 1 as well.) 
The present note is a continuation of [2], where (beside others) eigenvalue 
distributions of integral operators with Hf lder continuous kernels on metric 
compacta were investigated. Here we want to consider the same kernels under 
the additional ssumption of positive definiteness. It turns out that the asymp- 
totic eigenvalue behaviour also improves - as in the case of unit interval 
equipped with Lebesgue measure - by the factor n -1/2. Finally it will be 
shown that (under a certain regularity condition on the entropy numbers of the 
underlying compactum) these results are optimal. 
1. PRELIMINARIES 
Now we fix some notation and give basic definitions. 
Throughout he paper L(Y, Z) denotes the class of all bounded linear 
operators acting between complex Banach spaces Y and Z; and S ~ means the 
adjoint operator of S~L(Y, Z). 
The n th approximation umber of SeL(Y,  Z) is defined as 
a n (S) = inf I[ S - L [[, 
where the infimum runs over all operators L eL(Y, Z) of rank less than n. For 
properties of approximation umbers as well as for other facts concerning 
operators in Banach spaces we refer to the monograph by A. Pietsch [4]. 
If (X, d) is a metric compactum, then the n th entropy number of X is defined 
as. 
en(X)=inf {e>0: X can be covered by n balls of radius e}. 
Given a finite Borel measure/~ on X, the support of g, supp (B), is the smallest 
closed subset of X of full/.t-measure. 
As usual we denote by C(X), resp. Cs(X), 0<s_< 1, the Banach space of 
(complex-valued) continuous, resp. s-H61der continuous, functions on X. The 
norm on Cs(X) is given by 
[Ifllc,(x): =max{ sup If(x,[, sup I f(x'-f(Y)l  1 ~x  ~*y d(x, y)S " 
x ,y~X 
In the sequel we are concerned (as in [2]) with the kernel classes CS'°(X, X), 
0 < s < 1, consisting of all continuous functions K: X × X~ C such that 
IlKl[cs.0:=max { sup IK(x,y)t, sup 
X, yEX x,y,  z~X 
x~: y 
IK(x, z)-K(y, z)l/d(x, y)S} < oo. 
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By lp, q, 0 <p < o% 0 < q <_ co, as usually we denote the Lorentz sequence spaces 
containing all zero sequences x--(~n) of scalars such that 
( ~ ]nl/p-1/q~n*lq)l/q if q<co,  
n=!  
Ilxllp, q = 
sup nl/Pl~21 i f  q= c~ 
n 
is finite, where (~*) is the monotone rearrangement of (~n), 
_> ..._>0. 
Finally, we write an = O(bn) for two sequences of non-negative reals if for 
some constant c>0 and all n= 1,2 .... 
a n <_ cb n 
holds. Furthermore, an~bn means that both a n = O(bn) and b ,= 6(an). 
2. POSITIVE DEFINITE CONTINUOUS KERNELS 
In this section we collect the properties of positive definite continuous kernels 
which are essential for our purposes. 
Let X be any set. Recall that a function K:X×X~C is said to be positive 
definite if for all integers n= 1,2 . . . . .  scalars 2 i~C and points x ieX  the in- 
equality 
2iXjX(x i ,  x j )  >_ 0 
i , j=l 
holds. In particular, for all x, y e X,  K(x, x) >_ 0 and K(x, y) = K(y, x). 
LEMMA 1. Let M be a compact opological Hausdorff space equipped with a 
finite Borel measure l~. Then for  every continuous positive definite kernel 
K :M×M~C there exist a scalar sequence (2 , )~l  1, 21>22>__-.. >0, and an 
orthonormal system (f,)  in L2(X, ~), consisting of  continuous functions only, 
such that he expansion 
c~ 
(*) K(x, y) = 2 2nfn(x)fn(Y) 
t i - -1  
converges uniformly for  x, y e supp (/0. 
This is a generalization of the classical Mercer's Theorem (M= [a,b], 
Ft=Lebesgue measure). The proof is almost the same as for the classical 
version, see e.g.F.  Riesz and B. Sz.-Nagy [7], but for the sake of completeness 
and the convenience of the reader we shall give it as an appendix. 
The following lemma is the key for our main result. 
LEMMA 2. Let X be a metric compactum equipped with a finite Borel 
measure/1, and let K~ CS'°(X, X),  0<s_< 1, be a positive definite kernel. I f  
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Xo = supp (p) and S o denotes the square root of  TK, u (as operator in the Hilbert 
space L2(X, p)) restricted to the subspace L2(Xo, p), then even 
So • L(Lz(Xo, I.t), cs/Z(Xo)). 
PROOF. Since TK, u is a compact self-adjoint operator in a Hilbert space, its 
square root is well-defined. With the notations of Lemma 1 one has 
00 
Sof(X) E 1/2 = )~. (f , ,L)L(x) for x•Xo,  f•L2(Xo,  U). 
n=l 
Then Lemma 1 and H61der's Inequality imply the estimate 
o0 ¢o 
IS0f(x)[---( E [(f, fn)[Z)l/z( E 2nlfn(x)12) 1/2 
n=l  n=l  
- Ilfll L2~Xo, v)K( x, x)1/2 
1/2 
- [I f [I L2(Xo, u)l] K [[ c',°(x, x)" 
Similarly one gets for x, y e X o 
.1 l/2( f [Sof(x)-Sof(Y)] [ E ..n ..,,f.)(fn(x)-fn(Y))[ 
n=l 
o0 
<-( X I(£,f.)lz)l/z( E ,~.lf,(x)-f,(y)12) 1/2. 
n=l n=l 
Now Lemma 1 yields that 
00 
r. ,~.1 f~(x) - f .0 , ) [  2 = IK(x, x) -K(x, y) -K(y, x) +K(y ,  y)[ 
n=l  
_< 2d(x, y)S II K [[ c s, otx, x), 
hence for all feL2(Xo, P) 
i Klll/2 IlSofilcs~2¢Xo) <-~llfllL~(Xo,~) c~o(x,x, 
which proves the desired assertion 
S O • L (L2(X  O, ~), CS/2(Xo)). • 
3. EIGENVALUES OF POSITIVE DEFINITE HOLDER CONTINUOUS KERNELS 
For proving our main theorem we need the following result on approxi- 
mation numbers of embedding maps from Cs(x) into C(X), which is due to 
A.N. Kolmogorov and V.M. Tihomirov [3], for a proof see also [2]. 
LEMMA 3. I f  X is a metric compactum and 0 < s<_ 1, then 
an+ l(id: Cs(X)--+C(X))~Cn(X) s. 
Now we are prepared to establish 
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THEOREM 4. Let X be a metric compactum with en(X)~.a2n(Y), and let 
0 < s <_ 1. Then for  every positive definite kernel K • C s' °(X, X )  and every finite 
Borel measure It on X one has 
.t.(T~,.) = ¢(n -~.(x) ' ) .  
PROOF. Letting Xo = supp (/2), in a canonical way one can define a projection 
P • L(L2(X,/2), Lg(Xo,/2)) and an extension operator J •  L(L2(X o, p), L2(X, p)) 
by 
and 
Pf(x) =f(x) for f•  L2(X,/2) and x • X o 
I f (x)  if x e Xo, Jf(x) = 0 elsewhere, for f•  L2(X 0,/2) and x • X. 
Moreover, let S •L(L2(X  O, fl)L2(X O,/./)) be the square root of TK, v restricted to 
the subspace L2(Xo,/2). Then obviously 
TK, v=JS2p. 
Now let us estimate the approximation numbers of S. According to Lemma 2 







where /d and j are the identity maps and So is formally the same as S but 
regarded as operator into CS/2(Xo), Lemma 3 yields the relation 
an + l ( id )~ en(Xo) s/2 <- (2en (X)) s/2. 
Hence there is a constant cl > 0 such that for each n = 1,2 .... one can find 
operators L ,  • L(CS/Z(Xo), C(Xo)) of rank _< n satisfying 
[lid- Ln[ I <- Clgn(X) s/2. 
For the 2-summing norm 7g 2 the following facts are known, see e.g.A.  Pietsch 
[4]: 
lrz(j : C(Xo)--+ L2(Xo, /.t)) = ][j [1 
and 
zt2(A) =(  }7 ak(A)2) 1/2 for arbitrary Hilbert space operators A. 
k=l  
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Applying these facts, for n= 1,2 .... we get the estimate 
n l /2a  n ( j ( id -  Ln)S o) <- ( 
¢o 
E ak( j ( id-Ln)So)2)  1/2 
k=l  
= ~rz(j( id- Ln)So) 
II J II II i d -  L n II II So II 
<_ CEen(X) s/2 
with some constant c2 > 0 independent on n. The additivity of approximation 
numbers and a n + I ( j LnSo)  = 0, since rank Ln <- n, yield the inequality 
a2n(S) <- an + 1 (jLnSo) + an( j ( id -  Ln)So) <- c2n 1/2en(X)S/2" 
For positive compact Hilbert space operators A one has ak(A)= 2k(A) and 
hence ak(AZ)=ak(A) 2 for k= 1,2 .... Thus from [IJ[I = IIPll = 1 we get 
~2n(rK, ~) = a2n(JS2p) <i II J II a2.(S)21p P II ~ c 2n - len(X)S .  
Finally the assumption en(X)~e2n(X)  yields the desired assertion 
L,(T~:,~) = ¢(n- %,(X)S). • 
REMARK. The condition en(X)~g2n(X)  often appears in results concerning 
e-entropy of certain subsets of functional spaces. It is not very restrictive, for 
example all connected compacta satisfy this condition; for a proof see e.g. [2]. 
But there are also non-connected compacta for which this condition holds, cf. 
Example 2 below. 
Now let us give an immediate corollary of the preceding theorem. 
COROLLARY 5. Let 0<s___l, 0<p<¢% O<q<o% and let X be a metric 
compactum such that (e,(X))  ~ lp, q. Then for  every f inite Borel measure 12 on 
X and every positive definite kernel Ke  CS'°(X, X )  one has 
where 1/r = 1 + s/p, t = q/s. 
PROOF. According to Theorem 4 
2n(Tx, u) = O(n - len(X)S), 
and by the definition of Lorentz 
(n- len(X)S)~lr,  t . • 
sequence spaces, (e.(X))  ~ lp, q implies 




1. Let X= [0, 1] u be the unit cube in •u. Then an(X)~ n - 1/u as one can 
immediately check. Then, under the assumptions of Theorem 4, 
2n(TK, u) = g(n - 1 -s/N). 
So we again get the classical result, but not only for Lebesgue measure but for 
any finite Borel measure on [0, 1] N. 
This result is quite sharp. There are kernels K satisfying all conditions re- 
quired in Theorem 4 such that 
)tn( TK,/~) ~ n -1-s /N 
where/~ is the Lebesgue measure. For N= 1 one can take e.g. the kernel 
K(x, y )= ~ n -  1-s cos 2zcnx cos 2~ny. 
n=l 
Obviously K is positive definite, and immediate calculations show that 
KeCS'°([O, 1],[0, 1]), c.f. the kernels considered by J.B. Reade in [6]. The 
eigenvalues of TK, ~ are 
J.n(TK,~) = n - 1 -s/2" 
For N> 1 kernels of similar kind can be constructed. 
2. Let X be the Cantor set in [0, 1]. The entropy numbers of X can be easily 
estimated: 
e~(X)~n-Y ,  
where y = log 3/log 2 equals the Hausdorff-dimension f X. (The Cantor set is 
an example of a non-connected compactum for which nevertheless the con- 
dition e , (X)~e2~(X)  holds.) Again, under the assumptions of Theorem 4, 
) .n(TK,#)=O(n- l -ys) .  
3. Let X= {(xn)e I~o : jx~ t--- 1/n} be the Hilbert cube. Obvious computations 
yield en(X)~log-1  n. Therefore, under the assumptions of Theorem 4, 
)~n(TK, u) = O(n - I  log -s n). 
4. OPTIMALITY OF THE EIGENVALUE RESULTS 
Finally we want to show that our eigenvalue results cannot be improved, at 
least under certain regularity conditions on the asymptotic behaviour of the 
entropy numbers ¢n(X) of the underlying compactum X. 
THEOREM 6. Let 0<s_< 1, let X be a metric compactum, and let (an) be a 
sequence of positive real numbers tending to zero and satisfying ¢zn~a2n. 
Then the following conditions are equivalent: 
(i) e~(x)  = ~(a~). 
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(ii) For every finite Borel measure p on X and every positive definite kernel 
K e CS'°(X, X )  one has 
: 
PROOF. The implication (i)-~(ii) is a special case of Corollary 5. So let us 
turn to the inverse implication (ii)-~(i). Assume that (i) is not satisfied. Then 
one can inductively find, as in the proof  of Theorem 3 of [2], reals 0<ek< 1, 
positive integers nk and subsets X k of X, k= l, 2 . . . . .  with the following 
properties: 
(1) ek <_ek_l, nk>nk_ l ,  
(2) ekOtnk > k 5Is, 
(3) Xk consists of nk points having mutual distance from each other at least ek, 
(4) d(Xk, Xj) -- inf { d(x, y) : x ~ Xk, Y ~ Xj } >. ej whenever 1 ___j< k. 
Let us enumerate the points of X k, 
Xk = { Xk, j : l <-j <-- nk } , 
and as in [2] define functions f~,j, 
fk, j (x)=(max (1 -2ek ld(x ,  xk, j),O)) s, x~X.  
Now consider the kernel 
o~ nk 
K(x,y)= ~, k-2eS.t ~ fk, j(x)fk, j(Y), x ,y~X,  
k=l  j= l  
and the Borel measure a which to the points xk, j assigns the mass k-2/'/k -1, 
k = 1,2 .... , j = 1 ... . .  n k. Clearly p(X) < oo. Let, for fixed k ~ N, y ~ X, the 
function F~, y be defined as 
nk 
Fk, e(X)= 2 A, Ax)A,j(Y) for xex .  
j=l 
Again referring to [2] we have 
]lFk, y[lc,(x)<_2eff s for each k= 1,2 .... and every y~X.  
Hence 
o0 
k e llF ,yllc,(x)<=. IIK]Ics, O(x,x) <. sup 2 -2 s 
yEX k=l  
On the other hand, for k = 1,2 .... and j = 1 ... . .  n k one has 
TK, ufk, j = k -4rift leskfk, j . 
Hence TK, u has at least n k eigenvalues not smaller than k-4n;-le]o So con- 
dition (2) stated above yields 
IAnk ( TK, u)lnkctSk>--k-4(ekan)S >-- k, 
i.e. (ii) does not hold, and the proof is finished. • 
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5. APPENDIX 
PROOF OF LEMMA 1 (GENERALIZED MERCER'S THEOREM) 
STEP 1. First we show the existence of the expansion (*) in L2(MxM,,u®,u).  
The operator To: = TK, u eL(LI(M, ~), L~(M, p)) is positive and symmetric, 
hence it holds (Tof,,f)>-O and (Tofg)=( fTog)  for all f,g~Ll(M,p). 
Therefore 
(f,g) : = ( T0f, g) 
defines a scalar product; let H be the completion of Ll(M,/t) with respect 
to  (.,.). 
Denoting by T the operator TK, u as operator in L2(M,p) and by 
A ~L(LI(M,p), H) and IeL(Lz(M,p), Ll(M,p)) the identity maps, we have 
the following factorization diagram 
L 2 > L 2 
'1 T' 
To 
L1 ~ Loo 
H 
Since both I' and A (by Grothendieck's Theorem, see e.g. [4]) are absolutely 
2-summing, T is even nuclear. Thus the Polar Decomposition Theorem yields 
a scalar sequence (2n) e l1 and an orthonormal system (fn) c_ L2(M, p) such that 
co 
Tf= ~ ~'n(f, fn)fn for Z~L2(M,P). 
n=l  
By the positivity of T all its eigenvalues 2~ are non-negative, so we can assume 
that 21_>22>_--. _>0. The continuity of K implies, that the eigenfunctions fn 
coincide p-a.e, with a continuous function, hence we can assumefn e C(M) for 
n = 1,2 . . . . .  It follows that 
(*) K(x,y)= ~ 2nfn(X)fn(y ) in L2(MxM, p®p). 
n=l  
STEP 2. It remains to prove that the expansion (*) converges even uniformly 
for x, y ~ supp (p). For each N= 1,2 .... the kernels 
N 
KN(X,y)=K(x,Y)- ~ )tnfn(x)fn(Y) 
n=l  
are continuous, since K and the f='s are so. Since 
KN(X, y)= ~ )tnfn(x)fnCv ) in L2(MxM, p@,u), 
n>N 
for all fe  Lz(M, I.t) we have 
(Tgu, uf, f )  = 2 2ni(f,f~)[ 2>-0" 
n>N 59 
This implies KN(X,X)>_O for all x~supp (p). Assuming, on the contrary, 
KN(Xo, X0) < 0 for some x0 ~ supp (p), by the continuity of KN we could find an 
open neighbourhood U of x 0 such that 
KN(X,y)<O for x, ye U. 
Since x 0 e supp (p), for foe L2(M, p), 
f°(x)= f 1, x~U, 
O, xCU, 
we would get the contradiction 
(TKN, Ufo, fo)<O" 
Therefore, for all x ~ supp (p), 
N 
KN(X,x):K(x,x)- ~ 2nlfn(x)[2>--O, 
n=l  
hence the series Y]na°=l 2nlfn(x)l 2 converges for all x~ supp (a) and is bounded 
from above by K(x, x). Since K is continuous on the compact set M× M, it is 
bounded, and 
c: = sup K(x,x)<oo. 
x~M 
So by Cauchy's Inequality, for arbitrary N<_L and all x, y e supp (p) one has 
the estimate 
L L L 
[ ~ )~nfn(X)fn(Y)[ 2< ~ 2nlfn(x)] 2 X 2.lf.(y)l  2 
n=N n=N n=N 
L 
___c 2 ~.lf.(x)?. 
n=N 
Thus, for every fixed xe  supp (/~) the series ~,~-1 2nfn(x)fn(Y) converges uni- 
formly for y e supp (/2). Therefore, for fixed x e supp (p) its sum, say P(x, y), 
is continuous in y on supp (p). Hence for fe  C(M) and x ~ supp (p) it holds 
oo 
TP, af(x) = E )tn(f, n)fn(x)= TK, uf(x)" 
n=l  
Given any fixed x ~ supp (p), let fo ~ C(M) be defined as 
P(x, y) - K(x, y) if y e supp (p), 
fo(Y) = continuous, otherwise. 
With this function we get 
0= Tp, uf  o- TK.ufo = j IP(x, y)-K(x, y)IZdp(Y), 
M 
6o 
and consequent ly  
K(x,x)=P(x,x)= ~, J.nlfn(X)l 2 fo r  every  xesupp (/~). 
n=l  
By D in i ' s  Theorem th is  series converges  even  un i fo rmly  on  the  compact  set 
supp  (/~), and  once  more  app ly ing  Cauchy 's  Inequa l i ty  we obta in  that  (*) con-  
verges even  un i fo rmly  in both  var iab les  x, y e supp (/t). [ ]  
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